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In most electrical machines the gap between the rotor and the stator is
filled with air. Investigations (for example, [ 1 1) have shown that in
this case laminar motion is preserved as long as the Reynold’s number,

Npe = p¥, (R, ~ R)/p, remains less than the critical value, which is equal
to 41.2 v/ R,/(R, — R)), where R, and R, are the radii of the outer and
the inner cylinder respectively, p - the coefficient of viscosity, p - the
density, ’1' the linear velocity of the rotating inner cylinder (with a
stationary outer one), R”l = 1/2(!?1 + RZ)' Numerical computations show
that for many existing electrical machines this condition is satisfied,
and the motion in the air gap is laminar.

Since a substantial portion of the heat produced in the rotor is trans-
mitted across the air gap, it is important for heat transfer calculations
to investigate the state of the air. The use of high voltage insulation,
which allows large temperature differences to exist, brings up the
question of the effect on the character of the motion of the changes in
the physical properties (viscosity and thermal conductivity) of the ai-:
due to temperature changes.

In the last few years the electrical machine industry has become
familiar with a new type of machine - the so called immersed machine, in
which the gap between the rotor and the stator is filled with oil. As is
well known, the viscosity of liquids varies considerably with temperature,
and consequently the problem posed here is an important one. A similar
problem arises, for example, in measuring viscosity by the rotating
cylinder method {2 ], and in other fields of technology.

An investigation of the question when the viscosity and the thermal
conductivity are proportional to T", with n = 1 and 1/2, is contained in
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the work of Stepaniants [3 ]. Closely related questions are examined in
the works of Targ {4 ], especially Section 25) and Borisenko [5 1.

The authors wish to express their gratitude to L.G. Loitsiansky, who
became acquainted with the work while reviewing it, and made some remarks
which were taken into accountin the final editing of the text.

1. Derivation of the field equations and the formulation
of the problem. let us examine a two dimensional (W = 0, 3/9z = 0)
laminar uniform (3/dt = 0) axisymmetric (3/d¢ = 0) flow of a liquid or
a gas between two coaxial cylinders with radii R, and R, (R <R, ), with
the cylinder axis coinciding with the z-axis. Then, from an examination
of the portion of the flow enclosed between the cylinders with radii R,
and R, R, < R< R, (with the same axis), it follows immediately that
Wp = 0, 1 e. the motlon of the medium takes place along concentric circles
R = const.

It is easy to derive the basic flow equations by examining an element-
ary layer contained between the cylinders with radii R and R + dR; in
doing this we will neglect inertia forces. let p denote the density of
the medium, and p - the pressure. Since the centrifugal forces must be
balanced by the differences of the pressure on the surfaces of this layer,

w2 1dp W”
~f 2nRdRp = 2zRdp, or — AR = (1.1)
The resultant moment of the viscous forces acting on the layer must
vanish. Therefore,

d(pro 2nRR) = d[p ("E —F)2nRe] = 0 (1.2)

The expression for pp, is easily derived (viz. [4], p. 41, for
example). Integrating (I(ﬁZ) we obtain

*JR (%) + %‘ =0 (4 = const) (1.3)

Finally, let us write down the energy equation for the cylindrical
layer:

d (x 2 2n R)= — E2rRdR=— (% w

) 2zRdR (1.4)
Here E 1s the dissipation function, the values of which can be ob-
tained, for example, from[4] (p. 48), and A is the thermal conductivity
of the medium, expressed in units of mechanical energy. From (1.3) and

(1.4) we get

e (de)+ =0 (1.5)
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The constant A and the three integration constants for equations (1.3)
and (1.5) must be determined from the four boundary conditions. Two of
these are given by prescribing the cylinder speeds, i.e. by prescribing

WQR) =W,  W@R)=W, (1.6)

The other two conditions specify the temperature regime at the surfaces
of the cylinders; they consist in prescribing the cylinder temperatures
(boundary conditions of the first kind)

T (R)) = T, T (Rz) =T, (1-7)

or in prescribing the heat flux through the cylinders (boundary condi-
tions of the second kind), or, finally, in prescribing the heat exchange
between the cylinders and the medium (conditions of the third kind).

Assume for definiteness that ¥ = 0, T, > T,, and boundary conditions
of the first kind (1.7), although all the other cases could be examined
in a similar manner. After solving the system of equations (1.3) and
(1.5) with boundary conditions (1.6), (1.7), we can determine the pressure,
p(R), from equation (1.1) (taking into account the equation of state).

From equation (1.5) it can be seen that every stationary point of the
function T(R) is a maximum point; therefore, if T ¢ T, (this limitation
is a natural one from physical considerations), then the function T(R)
decreases monotonically. Introduce the dimensionless quantities

_ R,—R _ Ry— R, T —T, W
T=R—R ' h==p— ¥=p—7, v=y w8

o AT T )
a®="50, BO=" e =dram, g =)

Then equations (1.3) and (1.5), and the boundary conditions (1.6),
(1.7) become

d w a
Zi?i—hx_’s(s)u_h,)s:o (1.9)

2 [a®) 1 —no) 2] +xm—({2:—h;)§= 0 (1.10)
$(0)=w(0) =0, S =wl)=1 (0<z<1, h<1) (1.11)

where a 1s an unknown constant, and

W12H2
=TT (1.12)

In general, for arbitrary a(6) and 8(6), the system of equations (1.9),
(1.10) cannot be solved in quadratures. The basic purpose of this work is
to construct approximate formulas, using the small parameter method, for
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as general a situation as possible, taking as a point of departure cer-
tain special cases where the solution can be obtained by quadratures.

2. The case of small «x. In certain cases the constant x is small;
this happens, for example, when the medium is air or water, while the
speed Wl is not too large, and the temperature difference, T, — Tz, is
not too small.

For example, if W, = 20 msec™, T, = 80°C, T, = 30°C, then formla
(1.12) gives for air, water, and lubricating oil respectively,

»=>5.79.10-3, » = 1.04.10-2, % =89

Here the values of A and p were taken from[ 4] (p. 22), and the value
of « for lubricating oil is shown to emphasize that « need not be small.

Assuming k is small, one can use the expansion

D=9, + #9 + 29, - .., w = wy -+ xw,; -+ xPwy -+ ...,
a=aq—+ xa, +x%a, + ... (2.1)

The terms in the series are determined from the equations obtained by
substituting the series in (1.9), (1.10), and equating coefficients of
like powers of k. Thus, the terms of lowest order satisfy the same equa-
tions (1.9)-(1.11), but with x = 0. In this case it is easy to integrate
the equations. From (1.10) and the boundary values for 0, we get

8, 1

In{(1—hx)(
| a(9)ds = “11:;_({1—;75)&“ (%) ds (2.2)
1] ]

From this, one determines the function 6, (x). Substituting this result
in (1.9) and taking into account the boundary conditions for w, we get
(2.3)

x

dz ! dz -1
w0 (@) = a0 (1 =)\ e % = | — W\ 3@y i )

(] (]

Equations determining the terms of first order are obtained by equating
the coefficients of k to the first power. In doing this, of course, one
must use expressions of the form

0 (9) = a(3,) + 59 (%) + 2902 (9) + o (8] + ...

Taking this remark into account, the aforementioned equations take the
form:
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4w ay o aodiP’ {So) =0
de T—hz ™ B (%) (1—hz)® ' [B(8)P(1—ha)®
d d8 ; a9 2
i [ 00) (1 — ) 2+ 9’ (99) (1 — 1) 2| + it = = ©

$,(0) = w, (0) = 94 (1) = wy (1) =0

vhere the functions 6,(x), w,(x) and the constant a; have already been

evaluated. On integrating we get
E

ag? (111 (1~—hx)§ Gy (2) dx _g Gy (=) dz\ (2.4)

$h= z (PG \In(I—=r) ) 1<z gy
0 0
Ga (1
= (1~ )G @ —aG@  (a=ag) @3
x x
¢ dz {98 (%) da
6@ =\gEa—my G@= Si B {00y P (A F)® (2.6)
i) o

In an analogous way, if it is desired, one can find the terms of
second and higher orders in «.

Let us examine the example of a liquid with small x (water, in
particular). Here we can take

1 o_ Pa—M

e®=1 B =ireE: T n
This case was examined in [ 2] in general fomm; as it turned out, the
solution can be expressed in terms of Bessel Functions (let us note that
for large values of the argument it is convenient to use the asymptotic
representation of these functions). If x is small, one can obtain an
approximate formula which uses only elementary functions. In fact, cal-
culations from (2.2) and (2.3) yield

__In(1—hx)
¥o = In (1 —A)

_a x (& — hx) o 21n (1 —hz) + ha (2 — hz)
"’0"‘1-ohx{ 5+ 8 hin(1—h) ]

_ 2—h o 2In(1—A)Y+h{2—Hh) 11
“0"‘H“’h)[ 5— +B Shin (1 —h) }

Corrections for x are computed from (2.4) and (2.5), and in the pro-
cess all the integrals can be evaluated and yield functions similar to
those in the expression for w,(x), although the results are quite cumber-
some. Let us limit ourselves to the case of a small dimensionless gap
between stator and rotor (i.e. small h), where one can retain terms of
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first order only in h and «. The computation gives

2z (1 — o O
Y=z—h——+..., %1='§a%2(—:§)—-r(3+3 + B°z) +

2 ° 1 — o
wy = ”‘2120") _hs’ijﬂx), (1 + 108° - 162°% -+ 88°%z) + .

Box? (1 —=z)
S

(443 + Bz) + ...

wy =
Thus, for small A and x for a liquid we obtain the approximate form-

ulas (with an error of second order)

— z{l—x) 2z (1 —x) . @® | @o
e e e MCET A )

w22 + g’”) —h ;(;‘ ;B’f,i, (1 - 108° & 168°% -+ 83°%) -+

' °x? (1 -—-1‘)
e
1f the thermal conductivity (and with it the quantity a) cannot be
considered constant, then to improve the result one can use 1/2()\1 + A, )
instead of A,, or one can let a{f) = 1+ ay(6) with small a,, and, ex-
panding 1in powers of a,, retain terms of first order only.

In conclusion, let us note conditions under which for an arbitrary
medium (i.e. arbitrary (@) and B(8) it is permissible to discard the
terms in « in solving equations (1.9) and (1.10), i.e. to accept 6, and

w,, given by (2.2) and (2.3), as the exact solution. In order to do this,
let us integrate equations (1.9) and (1.10), and in these integrals re-
place the variable quantities by their mean values (these will be denoted
by stars, and they can take on different values in different formulas).
In this way we will obtain successively

x

w a dz __ a(2x—ha?) _2B*(1—h)
gy z_ﬁ“g(i—-hx)a =y hap’ 07 7 (2.7)
‘az(Zx——hxz)
)
1 t 1
(o (9)d% = — F lu (1 — he) — Zﬁ-g[zm(m;-—i)—}-ﬁln(i——hx)]
(1]
v h wa? [ 1 1 .1
C=- ln(1 k) oc({))cl‘(}mlu(l-—h)z'ﬁ—f[z-}{?*<(1._h)z “’1>T;’,§ln(1‘-k)]

In (1 — hz)

a(9)dd = L=

!
|

Sa(%)dH’i“-F( )
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Here

F(z)= !lgn—((%——}w—) Bi, [_ <__Lh__).2—1> + hizln(i —h)]_
;31* [2}112 (—_17,)2‘ —-1) + %ln(i — hx)J (2.8)

If in the last expression we set k = 0, it will go over into equation
(2.2), with 0 changing by Af. From the mean value theorem it follows that

| F @)

Since both of the terms in expression (2.8) for F(x) are positive and
(if we do not consider 8* ) monotone increasing,

2a*B* [1%5( (1—1h)2 ‘“1) + hLzln(i — h)} (2.9)

|20]=3

2a*

|20]<

Thus, discarding the term in « in (1.10) leads to an error in T(R),
which, in absolute value, does not exceed

2h—h? 4+-2(1—h)2In(1 —h) Metmay 2 1
(2—h)2h® Pmin’min e (2. O)

(obtained by transforming the right-hand side of (2.9)).

If this error is smaller than the accuracy required in determining T,
then it is certainly permissible to discard the terms indicated above.
Let us note that the expression (2.10) can be simplified in the case of a
small gap: if we neglect terms of order h, it goes into

}‘Lmeax V_Klz
A 2

min¥min

For example, if the gap contains air, and 0°C < T < 200°C, taking the
values for p . from [6] (p. 256), we find that expression (2.10) exceeds

1° only if
5,427
Wy o> ]/a 7;’61010_42 .2 —428msec ™t

The possibility of neglecting terms in x in equation (2.10) really
means that under the conditions under examination one can consider the
cylinders stationary in computing temperatures.

3. The case of slowly varying A and p. For gases, in particular
for air, the coefficients A and p vary slowly; the same situation pre-
vails also for other media if the temperature difference, 71 - 7}, 1s not
too large. In this case one can put

@ (9) =1+ a9 (9), B =1+B¢(®
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where a, and f3, are small. Such formulas include all the possible cases
of a(#) and 8(6) which can occur. Equations (1.9), (1.10) can be re-
written in the form

(4 + Bt ) 7 () — = =0 (3.1)
(4B Mgz [(1 +o0p ) (1 —he) B] -+ 25 =0 (3.2

We can look for solutions in powers of a, f3,:
=3 F o + B +..., W= wy T %Wy - JWe + .. .,
a=a,+ a,a; + By -+ ...

For the principal terms we get equations (3.1), (3.2), in which g/ =
By, = 0, i.e. we get the case of constant A and g, Then the equation (with
boundary conditions (1.11)) can be easily integrated (see [4], p. 379,
for example); we get

In (1 — hz) % (2—h) In (1 — hz) (1 —h)2z (2 — hx)
S In(1—h) *{_h(z—h)Z[ In (1 —A) - (I —hz)? ] (3.3)
_ (1—h)z(2—hz) _2(1—h)
Vo= "@-md—ha) * T 2—% (3.4)

In order to find the terms of first order in ey, f3,, we equate the
coefficients of ay and B) in (3.1) and (3.2); this gives

d w a

[1;(1 -—~1hx>_ (1 —-lhx)3 =0
d Wo , d w, as .
51?(1_»hx> + 9 (o) d_x’(i—ohx>—(1_—hx)a =0

d %] , d ds, 2
= [ — o) 52|+ 75 [ o) (1—he) 2| + g =0

d (4 dd;] d d9 2napaz
| — ) 52+ 230 7 [(1 — ) 52|+ e =0

From this, taking into account the homogeneous boundary conditions for

w, and 00, it 1s easy to find all the functions wy, W, 01, g,, and the
constants a,, a, explicitly:
z (2 — hz) 2—h
w1=a1m, 0=a12—(1th—) or a; =0, w, =0

2—h 4(1—h)3
wy = (1 — hx) [agz—&—_—hgi — a,Gy (x)], ay = ~(L2?_h—)103(1),

or
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2=k —hx) [(1 —hP?2(2—hz)
= g ey G (1) — G ()]

In(1—1
9 = L G (1) — G (@)

B, =

x _ 1
ot (e - e
)

(1 —h)? [z (2— h) ln(i—hx Z—h ,
—h(z—h) }._(1—-}33:)2 T In(t—h) (1= 5)3]63(”

G} d ¢ a9, ¢ G(9y)d:
Gy (z) = S{‘;‘ e G =le@)Rdr, g =T
0 @

In a similar way we can express terms of second and higher order.

As an example, let us examine the case where A(T) and p(T) are linear,
and k is quite small (in particular, this takes place for an air gap).
Then, one can put

@ (9) =14 o B@) =1+83 or ¢@¥)=9@)=9
where the constants a; and f3; are obtained from

g e ML P2 B, — b2
R ¢ e

(Let us note that if, as frequently happens, the Prandtl number is in-
dependent of the temperature, we must set a; = f3;, which simplifies some-
what the formula obtained.)

let us restrict ourselves to terms of second order with respect to
a, and f3,, and to terms of first order with respect to «. In doing this
one can use the method just described; however, it is simpler to bring
in also formulas (2.2) and (2.3) for the group of terms which do not

depend on «.

From (2.2) we obtain for this group of terms the equation

Go) ?/ (1]’1(3—-;&2‘)

2, \ln(’l—;{)—rﬁ'y’o&\:‘! \11

30'%“ %302 x(i -
Consequently,

¥ (11— LW (L —u)
é}o oo y ..-iw- “0 M.(._TZ___ J— 10- __(_2__...-. )

Substitution of this result in (2.3) yields, after some computations,
an expression for wg; retaining only the terms of first order, we get
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Uoizeoin g Mo (i) @)

o= "0 11— Whd—io \* T=r Y,

(Let us note that here 6,, w, have the same meaning as in Section 2,
and not as in the beginning of the present paragraph.) As for the correct-
ion in k, we obtain it from formulas (3.3), (3.4). In particular, from
(3.4) it is evident that in the expression for w, the term which is of
first order in k and independent of a; and 3, is absent. Combining these
results, we obtain an approximate expression for 6:

Y=y 4o

y(l—y 2 ¥ (1 —y) | 14 . (1 —h)t=z(2— hx)

e Y P [(7-h)y— 1 — ha)t ]J'
The term in ao2 in this formula does not exceed (2/27) ao2 and there-
fore, gives in the expression for T(R) a term not exceeding

2

= (’17) (T, —1,)

This term plays a role only for a very large temperature drop; for
example, if 0° ¢ T < 200°C, then for 7} - 7} < 125° it is less than 1°,
The term in x begins to play a role only for sufficiently large W ; for
example, one can calculate that for a small dimensionless gap h, for
0° ¢ Tg 200°C, it is of the order of 1° only for W1 > 70 msec =1, If the
temperature drop, T, — T,7 and the velocity, W
can use the convenient formula

,» are not too large, one

y(l—y)
2

vy %
with the expression for w heing given by (3.5).

If the dimensionless gap, h, is small, one can further -expand with
respect to h and retain terms of first order in h only. If, furthermore,
we retain terms of no higher than second order in ag, BO, and first order
in k, then we obtain, after some calculations,

Y~z -+ ao,&z__w)___aozxz(g—x)_{_zxﬂgx) ——hx“;x)
e 1—=)(1—2 z(l—)(+he) 21—
S SR PR SIS

If it 1is possible to discard terms in aoz, ayf3ys BOZ, x and h, the
formulas become extremely simple.

4. The case of a gap small compared to the radius. In this
case we can use the expansions

D=9, h¥FRr¥H+..., w=wy,+ hw 4+ w4+ ...,
a=ay+ ha; -+ Rlay+ ...
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The equations for the principal terms have the same form as the equa-
tions (1.9)-(1.11) with h = 0; this corresponds to the case where the
cylinders degenerate into parallel planes. Under this condition the equa-
tions have been integrated in a general form in [5]. The equations for
the tems of first order then bLecome

dw1 d ap 11_031 E}' (30) 3&01 .
T T ) T gy T T peer e 0

d , dd, a9 dd
|9 (0 G — am ) G+ a0 G|+
2%aqa; - #ao* 9B’ (o) n xap’r
T T e e = 0

This system of equations, although linear, is not in general solvable.
However, it can be solved in certain special cases. This is the case for
liquids (for all x). Then the system of equations for the principal terms
has constant coefficients, and can be solved by using trigonometric func-
tions (for example, [ 4], p. 382). In this case the equation for 6, also
has constant coefficients, and after 01 is found, the function, w,, can
be found by a simple integration.
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